A General Equilibrium Model of Statistical Disrcimination -

Omitted Appendices

Andrea Moro® Peter Norman¥

October 9, 2002

Contents

B Omitted Proofs
B.1 How to make individual and aggregate distributions coincide . . . . . ... ... ..
B.2 Proof of Lemma 1. . . . . . . . . .. L
B.3 Proof of Lemma A1 . . . . . . . .
B.4 Proof of Lemma A2 . . . . . . ...
B.5 Proof of Proposition 4 . . . . . . .. .
B.6 Proof of Lemma A5 . . . . . ..
B.7 Proof of Lemma A6 . . . . . . . ..

C Calculations for the Parametric Example
C.1 Task Assignments for Symmetric Equilibria . . . . . ... ... ... ... ...
C.2 Reduced Form Expressions For Benefits to Invest . . . . . . . .. ... ... ... ..
C.3 Uniqueness of Symmetric Equilibria . . . . . . . .. ...

C.4 Equilibria with Full Segregation . . . . . . . . . . ... ... ... ...

D Technology and Incentives to Segregate

$Department of Economics, University of Minnesota, email: amoro®@atlas.socsci.umn.edu.

TDepartment of Economics, University of Wisconsin, email: pnorman@facstaff.wisc.edu

11
12
15

19



In this document we provide calculations and proofs that for the sake of brevity have been

omitted from the paper.

B Omitted Proofs

B.1 How to make individual and aggregate distributions coincide

Feldman and Gilles discuss alternative ways to ensure that the individuals’ probability distribution
and the frequency distribution coincides almost surely. The analysis in this paper relies only on this
property and not the particular way we make sure that the property holds. The simplest solution
is to use "aggregate shocks” rather than to assume that the signals are i.i.d. draws from Fj and
F,. Let H, and H, be the distributions of qualified and unqualified workers on [c,¢] and x be

uniformly distributed on [0, 1] . The test-score for a qualified agent ¢, 0. (x), is then taken to be

1 .
0, (z) = F/ (Hy(e)+z) ifHy(c)+z<1

FrU(Hy(e)+x—1) if Hy(c)+x>1

It is straightforward, but somewhat tedious to verify that Pr [0, (x) < 0 | | = F, () for all c € [c,¢]

and all § € [0,1] and that [ dH,(c) = F,;(0) z € [0,1] and all # € [0,1], where A (z,0) =
c€A(x,0)
{c € [c,¢] | 0. (x) > 0} . Clearly the construction can be applied to the unqualified agents as well.

B.2 Proof of Lemma 1.

Lemma 1 Suppose that either 1) y is quasi-concave and strictly increasing in both arquments and

fq(0)
fu(0)

arguments. Then, there is a unique (07 (x),0" (7)) € [0,1]* that solves (8) for any © >> 0.

is strictly increasing in 6, or, 2) 1y is strictly quasi-concave and strictly increasing in both

Proof. Given any 6 € [0,1], let C = 7(1 — F;(#)) and S = wF, (0) + (1 — ) F,, (f). Since F, is
invertible any C' € [0, 7] can be achieved by the uniquely defined signal § = Fq_1 (%) , and the

maximal level of S given C' is thus

S:H(C)zw—c+(1—7r)Fu(Fq1 <7T;C>> (B1)

We may thus restate the maximization problem in (3) as

max y (NS NE (7). (B2)

CB,CWel0,mB]x[0,7W]



Differentiating H (C') we get
(B ) R ST -
T fq (Fq_l (%)) N p(F (%) ) 7)

Now, p(F, 1 (%) , ) is strictly decreasing in C' since p is strictly increasing in the first argument

H'(C) =

and [~ 1 is strictly increasing (inverse of increasing function). Hence H' (C) is strictly decreasing,
so H is strictly concave. For contradiction, suppose C* = (CB* CW*) and C** = (CB**,CW*)
both solve (B2). Without loss, assume that CP* # CB** and, for v € (0,1), let CB7 denote
yCB* 4 (1—~)CP** . By strict concavity of H we have that H (C’BV) >vH (CB*)+(1—'y)H (C’B**) .

Since y is strictly increasing in both arguments this implies that

y (C'NBH (CP) + XV H (C7)) >y (C', NP (vH (CP*) + (1 — y)H (CP*)) + \WH (7)),
(B4)
where C' = NBCBY AV CW . Let CW7 be defines analogously with CB7 and note that the inequality
in (B4) holds weakly (i.e., equality if CP* = CP**), which means that

y (Z AJCJ'Y7Z N H (Ch)) >y <Z )\JCJW7Z>\J <’YH (CJ*) L (1—yH (OJ**>)) (B5)
> min{y <Z )\JcJ*’Z)\jH (CJ*>> Ly <Z )\JCJ**’Z)\JH (CJ**>>},

by quasi-concavity, contradicting the hypothesis that C* and C** were optimal. m

B.3 Proof of Lemma Al

Lemma A1 FEach firm earns a zero profit in any equilibrium
Proof. Let II; and IIs denote the profits for firm 1 and 2 and assume for contradiction that IT; > 0.
If IIs < 0 there would be a profitable deviation, so we assume without loss that 0 < Il < II;.Total

industry profits are

I + 1l = y (C1, 51) +y (C2, 52) — /emax {w1 (0), w2 (0)} (fq (0) + (1 —m) fu (0))db.  (B6)

We observe that y (C1,51) +y(C2,S2) < y(C(m),S (w))where C (7) and S (7) are factor inputs
solving (3), which simply means that aggregate output can’t exceed what a planner could achieve.
Suppose firm 2 deviates by offering w), given by w) (6) = max {w; (0) , w2 (6)} + € for some € > 0,
implying that firm 2 attracts all workers. In addition, suppose firm 2 assign as in the solution to

(3). The corresponding profit is

I = y(C(W)vS(W))—/GmaX{wl (), w2 ()} (wfq (0) + (1 = 7) fu (0))d0 —e  (B7)

= y(C(m),8(m) —y(C1,51) —y(Cs,S2) +1I1 + 1y —e > II; + 1l —e.



Hence, for € sufficiently small I, > IIs, a profitable deviation. m

B.4 Proof of Lemma A2

Lemma A2 w; (6) = w2 (6) for almost all 6 € [0,1] in any equilibrium

Proof. For contradiction, suppose w (0) > ws (0) for all # € ©' C [0, 1] and let

5= [ @)~ w0 (xf, 6) + (L) £ (6))db (B8)
e’

where ©' has positive measure, which implies that § > 0. Let C7,S1,C5,So be the effective
factor inputs in the hypothetical equilibrium and suppose firm 1 deviates and offers w] given by
w) (0) = wa (0)+€ for all # and assigns all workers (the deviation attracts all workers) in accordance
with a solution to (3). The implied profits are

I} () =y (C(m), S (m)) - /wz (0) (mfq (0) + (1 — ) fu (6))dO — € (B9)

0

— y(C(n),S(m) - / wn (0) (fy (0) + (1= ) fu (6))d + 6

0co’

[ w0y O+ (1) £ 08— ¢
9e[0,1\O

Y

(CS0)+y/(Cas o) = [ masc (w1 9) 0 (0)) (=5, (0) + (1= ) £ ()0 + 6 =«

= d—c¢,

where the last inequality follows from Lemma Al. The deviation is thus profitable if € is small

enough. m

B.5 Proof of Proposition 4

Proposition 4. Suppose y satisfies assumptions A1-A6. Then there is always at least one sym-
metric equilibrium

Proof. Let 6 (m) denote the (by Lemma 1) unique solution to the problem (3) and r () the
corresponding factor ratio (defined as 19) with 7% = 7 = 7 and 67 (7) = 6" (x) = 6 (7). We

observe that the unique solution to (3) 6 (7) must be interior and satisfy

p(0(m),m) = : (B10)



given any 7 > 0. Define p : (0,1] x [0,1] — R4 by p(0,7) = ﬂFq(Zgr(fj%)}u(e). By constant returns

we may write the necessary condition for an interior solution to (3) as

dy(p(f,),1) n dy(p(8,m),1)
aC a8

Straightforward differentiation establishes that % < 0 (Fy and F, are both strictly increasing),

D(0,m)=—p(f,n)

=0 (B11)

so one can check that % < 0 by a direct computation. Hence, the implicit function theorem

applies establishing that 0 (7) is continuously differentiable in a neighborhood of 6(7*) for any given
7 > 0. Hence, (7) is continuously differentiable and therefore continuous over (0,1), implying

that (6) is continuous over (0,1). Remains to verify is that continuity holds at the boundaries as

well. For m = 1 we have that 8y(g%)’1) = ay(g(;)’l) from the first order condition to (3) and the
wage is consequently a constant function of 8, so I (1) = 0. It is a relatively simple exercise to
verify that lim,_,; I(7) = 0 and we leave this to the reader. For m = 0 any 6 solves the problem
(3), but output is zero in any solution and w (6,0) = 0 for all 6, so I(0) = 0. The first order

condition (B10) must hold for any 7 > 0, which implies that r (7) — 0 as 7 — 0 since otherwise

W would converge to something strictly positive and p(@(ﬂ),ﬂ')% would converge to
zero. Assumptions A3, A5 and A6 imply that limg_.q 8%%5 ) — 0 for any S > 0 and, again using

(B10), this implies that lim;_,o p(6(7), F)W = 0. Since ;ZEZ% is strictly increasing there exists
a unique signal §* € (0,1) such that f, (6%) = f,(0") (observe that f, and f, are densities so

fu (8) <(>)fq () for 8 sufficiently high (low) in order for both densities to integrate to unity).

<

Now,
1w = DD EEm) - o)+ 2T [ 0.7 (50) - 1 @) < (B12)
Py (r (x), 1) oy (r(r),1) [
< HEDD [ p0m (1 su@po < PEED [ 50,1 (50) — 1 00 <
9y (r(m),1) _9y(r(m),1) P, (Fu(67) — Fy(07))

50— PO(m), )p(e(w),ﬂ)

— QOasmw — 0,

since Wp(@(w), m) — 0 and p(’;(é;;ilr) is bounded. Hence, I is continuous over the whole interval

[0, 1] and existence follows by the intermediate value theorem. m

B.6 Proof of Lemma A5

Lemma A5 r () is increasing in both arguments and strictly increasing in 7’ for each m such

that 67 (1) > 0.



Proof. The Kuhn-Tucker conditions to the program (8) are necessary and sufficient for a solution

and these conditions may after some rearrangements be written as

—p (ej (,ﬂ) ,7TJ) 8y (ra(g) ) 1) + 8y (Ta(g) ) 1)

767 () = 0, KJ(l—HJ(TF)) =0, v/ >0, & > 0,

+47 -k = 0  forJ=B,W, (B13)

where 7/ and k” are positive scalars of the multipliers to the constraints 7 > 0 and 1 — 67 > 0.
Without loss, assume that 72 < 78 and r (7) = r(78,7") > r(xP,7W) = r (#') . We then claim
that (B13) implies that 67 (1) > 67 (#') for J = B, W. To sce this, observe that if 7 (x) < 87 (7'),

then since 7/ < 7/ for each J it follows that p (67 () ,77) < p (67 (z'), 7", so

O () ) DL D0l )1 -
> —p (0J (7?’) 77TJ/) dy (ra(g) 1) 4 dy (Ta(g) 1) > /7“ () > r (7r/)/
e 0 ) ) D )

where the two equalities come from the fact that the Kuhn-Tucker conditions in (B13) must be
satisfies at 7 and 7'. But 87 (1) < 67 (7') = 67 (7) < 1 and 67 (7') > 0, so 7 = 0 and /" = 0,
which means that —y”/ > k7’ from (B14), which is a contradiction since the multipliers must be
positive. Hence 67 (1) > 7 (7), implying 7/ (1 — F, (67 (r))) < 77 (1 — F, (¢’ (n))) and

w Fy(07 (1) + (1 = 7)Y Fu(07 (7)) > 7/ Fy(07 (") + (1 — 7”) Fu (67 (7)) (B15)

/F, first order stochatically dominates F,,/ > 7/ F,(67 (") + (1 — n7")F, (07 (z'))),

Using the definition of 7 (7) in (19) this means that r () < r(7’), a contradiction. Hence r (7) >
r(n') as claimed. Finally, to see that r () is strictly increasing when 67 (7) > 0 we observe that
if () > 7 (n’) the exact same argument as above can be used to establish that 67 (7) > 67 (/)

for J = B, W. Moreover (B15) continues to hold for each group and strictly so for group B since

7B < 7B, Hence we conclude that if 7 (7) > r (7/), then r (1) < r (7'), a contradiction. m

B.7 Proof of Lemma A6

Proof. In the range where solutions are interior, optimal task assignments are fully characterized

by a pair of first order conditions,

J 5 Y2 (RO (r),m,1)
p (67 (m),7) o (RO (7). 1 =0 (B16)



_ _ ZJ:B,W)‘J”J“*FQ(OJ))
for J = B, W, where R (0,7) = =525 =50

respect to the endogenous variables is

and the associated Jacobian matrix with

ap(ﬂngmB) _ 0 [yz(R(e(W)erl)} __o [yz(R(9(7r),7r,1)}
J — 00 00 Y1 (R(‘g(ﬂ')aﬂ',l) w 00 Y1 (R(e(ﬂ),ﬂvl) (Bl?)
_ {m(R(e(w),ml)] ap(6"™ (m), ") g [yz(R(ﬁ(W)ml)]
968 | y1(R(O(r),m,1) 20 90W | y1(R(O(m),m,1)

Bp(HJ (7r),7r‘])

207 > 0), so the conclusion that # is differentiable follows as a

J is clearly invertible (

consequence of the Implicit Function Theorem. m.

C Calculations for the Parametric Example

We let y(C,8) = C*S'= for some o € (0,1) and assume that 6 is drawn from {0,0y} in
accordance with symmetric conditional probability distributions, where ¢ > % is the probability of
drawing 6y for a qualified worker, and (1 — ¢) is the probability of 8 for an unqualified worker.
In an equilibrium with equal treatment of groups, let ¢ and = denote the fraction of agents
assigned to the complex task with signal 0 and 6 respectively. The associated inputs of labor

are

C(o,y,m) = o¢pm+~(1—¢@)m (C18)

Slo,y,m) = (I=o)pr+(1-¢)(1-m)]+ (1= [1-¢)r+¢(1—m)],

where 7 is the (common) fraction of investors. Optimal task assignments, denoted (o (7),v (7)),

solve

max C(o,v,7)*S(0,v,7) 7, (C19)
7,7,€[0,1]?

and closed form solutions to (C19) are easy to find from the first order conditions to the problem.
This setup is equivalent to one with continuous signals with conditional distributions satisfying the
monotone likelihood ratio property weakly, a case covered by Propositions 1 and 2. The unique

continuation equilibrium wages are thus the expected marginal products, that is

So(m),y (@), )" | Clo(m),y(m),m*
Clom . LT } (C20)

w (0; ) = max {p 0,7) a

for @ € {6,601} . Hence, the closed form solution to (C19) enables us to express the incentives to



invest,

I(m) = ¢w(0m;m)+ (1 —P)w(fr;m) — [(1 — P)w (Ou; ) + pw (0r; )] (C21)
Exp wage for qualified worker Exp wage for unqualified worker

= (20 =Dw (Om;7) —w(0r;m)].

explicitly as a function of © and parameters of the model (which are suppressed in the notation
above). The symmetric equilibria in the examples below are computed by solving the equation
m = G (I (7)) numerically.

One advantage with this parametrization is that symmetric equilibria can be shown to be unique

under some restrictions on the cost distribution G.

C.1 Task Assignments for Symmetric Equilibria

We proceed by calculating conditions on parameters a, ¢, 7 such that the solution to the firms’

problem (C19) belongs to a given type.

POSSIBILITY 1: The solution to (C19) is c* =1and v* =0if a < ¢ and 7 < a2+¢¢:1
If ¥ =1 and v* = 0. then since the Kuhn-Tucker conditions are necessary and sufficient, this

solves the problem if and only if

iC(l,o,w)aS(l,o,w)l—“ >0 and iC(l,O,W)O‘S(l,O,W)l_O‘ <0 (C22)
do do
Now,
d « 11—«
70(0—777”) S(Ja p,W) (023)
do
S(o,p, )\~ 0C (0, p,7) C(o,p,m)\* 0S(c,p, )
= 1
¢ <c<a,p,w>> oo TN S0, pm) 9o
d @ -«
%C(O—f}/:ﬂ—) S(J,p,ﬂ)
-« o
_ o (B8lepm) aC(a, p, ) F—a) C(o,p,m)\" 9S(a,p, )
C(a,p,m) oy S(a,p,m) vy

Evaluated at ¢ = 1 and v = 0 we thus have that the necessary and sufficient conditions for a



solution of this form is that

5(1,0,7)\' "™ 0C(1,0,7) C(1,0,7)\“ 85(1,0,7)
a<0(1,0,ﬂ'>) oo —1—(1—04)(5(1,0,7]_)) oo <
S(1,0,7)\ 0C(1,0,m) 05(1,0,7)
a(C(l,O,ﬂ)) do +{1-a) do B
o (U202 g (-0 (om0 (1) =

a((l=¢)r+o(l-m)—-(1-a)(¢r+(1-¢)(1-m))=

T(@(1-20)+(1-a)(1-2¢))+ap—(1-a)(l-¢)=
at+o—1

T(1-2¢)—1+a+ope < %91

(which is the first condition), and that

() (St
(Giiiom) a0 S -
=) (B (EI CEP LER )
oot el - -1-a)9) was<o

POSSIBILITY 2: The solution to (C19) is (o*,7*) = <1, %) if a>¢.

Assuming ¢* = 1 and v* > 0 is an optimal solution implies

d d
%C(lu’}/*,ﬁ)aS(ljry*’ﬂ)l—a >0 and difyc(l;'}/*;ﬁ)as(l,’}/*,ﬂ)l_a —0.

(C24)

(C25)

(C26)

Note that (C23) implies that %0(1,7*,71')045(1,")/*,71')170‘ =0= %C(l,’y*,w)o‘S(l,’y*,w)ka > 0.

The idea for this is simply that if the first condition holds, then expected productivity is equalized

for low signals, which implies that high signal workers are more productive in the complex task

since they are more likely to be qualified. Hence, we only need to check that we get a valid solution



to the equality, that is

0 = O RS (c27)
S(1,v*,m)\ 0C(1,v*,m) L OS(1,ym)
0 a<C(177*77T)> o ti-a) v

(1= [ =)+ ¢ —7)
a( o+ (1 — o) )(1_¢)7f—(1—04)[(1—¢)7T+¢(1—7r)]<:>

C W (1-7") A —(l—a
' = <¢7r+7*(1—¢)7f>(1 Am-{l-a)e

* * * * o —
0 = all=1) (=9~ (1=a)G+1" (1=d) =a—9=7"(1-¢) &7 = T
For this to be a valid solution v* € (0,1), which is the case whenever a > ¢.
POSSIBILITY 3: The solution to (C19) is (o*,7*) = (m 0) if @< and > %5
The final possibility is that the solution is 0 < ¢* < 1 and v* = 0. Then
d * « * 11—« d * « * l1-a
—C(0*,0,m)*S(c*,0,m)""*=0and —C(c",0,7)*S(c™,0,7) "% <0 (C28)
do dry
Again the inequality is implied by the equality. Hence we need to check that
B S(o*,0,7)\ 0C(c*,0,) 0S(o*,0,7)
0 = « <C’(J*,O,7T)> 5 +(1-a) R — (C29)
_ ((1—0*)[¢7r+(1—¢)(1—7T)]+(1—¢)7T+<Z>(1—7T))
= « oz
o*om
—(l-a)(¢r+(1-¢)(1-7)) &
0 = (al-0)—(1-a)o")(gr+(1-¢)(1—-7))+a((l-¢)m+¢(1—m))
= (a=0")(gr+(1-0¢)(1-7)+a((l-@)m+¢(l—-7)) &
. o
ot =
om+(1—9)(1—m)
Since ¢* > 0 all that remains to be checked is that o* < 1, which is when
o
1 > S om+ (1 — l—7)>a C30
T T -9 =) (C30)
o g Fo-1
T -1

This can only hold if o < ¢

The three cases are mutually exclusive. Moreover, no other type of solution can exist since there

must always be some workers with the high (low) signal in the complex (simple) task and since

10



mixing both types can’t be a solution. Taken together the first and third possibility constitutes
what is referred to as “Case 1”7 in the subsections below with a@ < ¢ and the second possibility

corresponds to “Case 2”.
C.2 Reduced Form Expressions For Benefits to Invest

C.2.1 Case 1:a<¢

Using the equilibrium characterization in terms of expected marginal products we have that if

T > O‘;;‘z’__ll, since workers with the high signal are assigned to the simple task, workers with high

and low signals earn the same wage and incentives are zero. If m > a;g;:l on the other hand the

relevant marginal products are

w(@g;m) =

o 1-¢)r+o(1—m)\"
- 1-m" ( P ) (G

wibnm) = (1=e) ((1—¢>wT¢(1—w>>a'

The incentives to invest are thus

I(m) = (26—1)(w@mm) —w(6Lim)) (C32)

P om (A= dr+ o —m\'e
- o e o )

—<2¢—1)<1_a)<(1_¢)WT¢§1_@)&
- -0 (g T ”))a (o a g ~-) -
= s (g tenm) (Rrisaasa )

k<¢fﬂkw>a(m+8—¢>_1)’

where k = 2¢ — 1. Now,

o @ «
o < 1(55%) (mrima 1) - (€5
o at+o—1 a+¢—1
SO
I(n) = RO\ a 1).0 C34
(”)‘m{ (qs—lwr) (kw+<1—¢>_ )} (C34)

11



C.2.2 Case 2: a> ¢

The wages are now

L om o (S ) e
wlmm) = A a-m ( ﬂv*)) (G35)

o t-or
wlum = A gareiom <

And, using the closed form expression v* = 'ff_;{) we have that

S (=)A= @r+é(-m] _ (1-a)(1l-@)r+e(l—n) 36

0(177*777) ¢7T+7*(1_¢)7T 7['6!(1—(]5) ’

B (1—¢)n (A0 (et e-m)\
I = M ara—aa=—mn a—@w+¢a—w0 ( a(l—9) )

I
NA

N 1-9) @
¢w+1— Y- m) (1 —9) Q<1 )(u—axu—¢m+¢u—w»>
(1-¢) (1)

B - (1-9) @
-k ¢w+1— 1—ﬂﬂl—@)“' )<a—aﬂu—¢w+¢u—w»>

(
( 7T+¢(1—7r))
(e

6 N (-a)(1-¢)a° " :
k(ww+a—¢x1—w» 1) - 6)(1—a%) («1—@w+¢u—w»>

B mﬁgé?ian+ﬁ-¢y”2(¢fm>a
N M</€7T+Z—¢)_1) <¢—7Tk:w> ’ (€57

C.3 Uniqueness of Symmetric Equilibria

Proposition 1 Suppose that G is concave and that ¢ < 0. Then there is a unique symmetric

equilibrium 7 (which is non-trivial).

This result is useful because it makes comparisons between situations with and without dis-
crimination more straightforward. With multiplicity of symmetric equilibria we would have to
either make set-wise comparisons or to select a plausible symmetric equilibrium according to some
criterion.

Proof. Casel: a<¢
In this case the optimal solution to the task assignment problem (C19) is to set (o (7),vy (7)) =

(1,0) when 0 < 7 < O‘;f ~'. The associated incentives (see C34 above) are

I(W)—max{k ((ﬁf”m)a <k77+?1—¢) —1> ,0} for k= 26 — 1,

12




where the reason for the max-operator is that m —1 < 0 when 7 > a;;’i El,

which is the range

where o (m) > 0 and incentives consequently are equal to zero. Define

so that [ (7) in (C34) is given by I (7) = k¢*J () whenever I (7) > 0.
STEP 1: G UNIFORM: If G is uniform G(I (7)) = QJ (7) + R for any I (m) € [c,¢], where

Q= [C—lalwa and R = —+5% > 0 (c < 0 by assumption). By a direct calculation we have that

e,

! =J(n)a ¢ — b
(m) = J{m) <w<¢—kw> <kw+1—¢><a—kw—<1—¢.>>>' (G39)

A sufficient condition for uniqueness is that d%G (I (7*)) < 1 in any equilibrium 7* (since ¢ <
0 = G (I(0)) is above the diagonal). We drop the x—superscript for equilibria and note that an
equilibrium point satisfies 7 = G(I (7)) = QJ (7) + R, so

d B , B 10) B k
LG = @ m)=Qima (=t (kﬂ+1_¢)2(a_kﬂ_(1_¢.))>(C40)

= (1 — o ¢ - ‘
= ( R) <7T((;3—k71') (kﬂ+1_¢)(a—kﬂ—(1_¢'))>

¢ k >
< T — ;
<w<¢—fm> (hr+1-9) (a—kr—(1—0))
where the equality is from evaluating the derivative at an equilibrium and the inequality follows

since R > 0. The expression on the third line of (C40) is increasing in @ and o < ¢, so

& k
U < (Gl e ay) O

s k
< 7T¢<7r(¢_1m)_(k7r+1—¢)(¢—k7f—(1—¢'))>
0 e

p—kr (kr+1—9¢)(1—m)

Now, km+1—¢ <k+(1—¢) = ¢ = p=4=5 > 1, implying that

d ¢? T ®? _m
ROy el ¢ e S G} Pl s (C42)

Differentiating and simplifying we find that % (%) > 0 and since ¢ € [%, 1] the derivative
£ G (I (m)) is bounded by the right hand side of (C42) evaluated at ¢ = 1. That is, £G (I (r)) <

1 s _

T~ (o) = 1, which establishes that equilibria must be unique when G is uniform.
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STEP 2: G CONCAVE: For a general concave distribution we note that for every ¢ € [c, ], the
mean value theorem implies that there exists ¢* € [c, ¢] such that G (¢) — G (0) = G (¢) = G’ (¢*) ¢,
hence the equilibrium must satisfy 7 = G (I (7)) = G’ (¢*) I (7) for some ¢* < I (7). Concavity
implies that G' (I (7)) < G’ (¢*), so

L) =@ Um)I @) <G @) (@) =C (@) k" ()= QT (x)  (C43)

for Q@ = G’ (¢*) k¢™. At this point it is just to proceed as with a uniform distribution (with R = 0).
Case 2: a> ¢

This case can be handled in a similar way. We have shown above (see C37) that the incentives

o (i) ()

. Compared with the previous case there are only two changes. The first is

in this case are given by

ka®(1—a)t—®
where M = %
that the constant has changed, which doesn’t matter since the constant disappears when evaluating
the derivative at an equilibrium. The second change is that the term m replaces m ,
which does affect the remaining calculations.

Again assuming a uniform distribution and differentiating and evaluating at an equilibrium

point as in the case with a < ¢ now gives

d R\ ¢ 1
) = (m=F) <7r(gz5—k‘7r) (k?7r—|—1—¢)(1—7r)> (C44)
10} 1
= “”(ww—kﬂ"®w+1—¢ﬂ1—ﬂ>
< ¢ _ T
(@—kn)  (kr+1—9)(L—m)
Observe that
d[ ¢ _d ¢ _(6-(20-1)m) —¢(1—2m)
d¢L¢mo] d¢L¢@¢DwJ (6= (26—1)n) (045)

—(2¢0—1)7+2¢m ™

G- o-Dr?  (o—@o—DmP
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Hence,

d ¢ i L il
) S G i a(-m 1or Gmri-gi-m (9

B 1(1_ T ) 1 (kTr—l—l—cZ)—Tr)
1—m (km+1—¢) 1—m kr+1—¢

1 (2p-Dr+l-—¢-—7\ 1 [((1-¢)(1-2n)

B 1—7r< kr4+1—¢ )_1—7r< kr+1—¢ )
1—-2r (1—¢)

= 1
1—7 k71'+1—¢)< ’

which proves the claim.

C.4 Equilibria with Full Segregation

Given that we impose that all members of group B are assigned to the simple task we have that

the factor inputs are

C(o,y,m) = Xoom+v(1 —¢)n) (C47)

Slo,y,m) = M =-0)[¢prn+(1=¢)A-m)]+ A=y [1-@)r+o(1-m)])+(1-2A),

where 7 now is the fraction of investors in group W (7" in the main document) and all other
variables really should have the W —superscript as well. However, the model now collapses to

something which is almost the model with a single group. Indeed define

and everything is as if there is some exogenous extra input of S given by A. Our goal is to find

conditions on ¢, A, o, ™ such that the solution to the firms’ problem belongs to a given type.
Case 1 The solution to the task assignment problem is (o*, \*) = (1,0) if
1L.[1l=¢)m+o(1l—7m)](a—¢)+aA(1—¢) <0 and

a(1+A)+é—1
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Guessing that (o, A) = (1, 0) solves the task assignment problem and proceeding as in the single

group model we find that then

l-9¢)r+o(1l—7)+A
0 a( o )<Z>7r—(1—a)(¢7r+(1—¢)(1—7r))<:)

0 < a(l=¢)r+o(1-m)+A)—(1-a)(¢r+(1-9)(1—m))
T(@(1-20)+(1-a)(1-29)+a(@+A)-(1-a)(1-9)
= 7(1-2¢)+aA+a+¢—1

a(l+A)+¢—1

T < ,

= 20— 1

for the optimality condition for & = 1 to hold. Next the condition for v = 0 becomes

0 > a((1—¢)w+¢(1—7r)+A

o >(1—¢)7T—(1—a)[(1—<b)7r+¢(1—7r)]

= (1-@)r+¢(1-m) (“‘f)o‘_@_a))gm(;—@
= ((1—¢)7r+¢(1—7r))(a;¢>+QA(;_¢)

0 =2 (A=¢)r+¢(l—7))(a—9¢)+al(l-0¢)

Case 2 he solution to the task assignment problem is (o*,v*) = (1, %_;f + %) if

1L.[A=—p)m+o(l—m)](a—¢)+aA(1—¢) >0 and

(1-a)gp—ar(1—¢)
2. < -0

The second possibility is that ¢* = 1 and v* > 0 in an optimal solution. For the same reasons

as in the symmetric equilibrium case we only need to check there is some v* € (0,1) solving

_ d * a * 11—«
O - dﬁyC(l,’)/,Tf) 5(17777{) <~

B S(1,v*,m)\ 0C(1,v*,7) B oS(1,~v*,m)
0= a<0(1,7*,ﬂ)) v T-a Oy

_ a<(1—7*)[(1—¢)7r+¢(1—7r)]+/\

(ém (1= o)) )(1—¢)7T—(1—04)[(1—¢)7T+<;5(1—7T)]<:>
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0 = [(1-@)m+é(l—m) <a$+—3**(>1(1_;b)¢) —(1—a)> +a¢ﬁ§i(‘1‘f>¢) o
_ al=-7)1-¢)—(1-a)(¢+7*(1—-9)) A(1—¢)
= [(1_¢)7T+¢(1_77)]< b+ (1—9) > a¢+'y*(1—¢)
_ a—¢—7(1-9¢) A(1—9)
= (A=dr+e(l-ml{ — 75 ) S rri-¢)

0 = [A=)r+o(1-—m)](a—¢d—7"(1—-9))+aA(l-¢) =

. a—¢+ al
7 1—¢ (-dm+o(l—n)

So v* > 0 requires that (1 —¢)mr+ ¢ (1 — 7)) (@ — @) + @A (1 — ¢) > 0 and v* < 1 that

1> 20 o &
=6 -t o(d—n
11—« - al PR
1—¢ (I=¢)r+o(1—m)
I-a)[l-¢)r+o(l—m)] > aA(l-9¢)e
(1-a)p—aA(1-9)
T <
(20 -1)(1—a)
. . . LA 2 N a(l+A) ;
Case 3 The solution to the task assignment problem is (o*,~*) ¢W+(1_¢)(1_W),0 if m >
a(14+A)+¢—1
26—1

Suppose that ¢* < 1 and v* = 0 solves problem. Again, we can argue as in the symmetric case

to show that it is sufficient to find a o* € (0, 1) solving

0 = a(g((:i,)(()),;))) 86’(%*,0,70+(1_a)35(06;‘(,70,7r) (C48)
SN (AT EDIEE BN UL R A
o*om
—(1-a)(gr+(1-¢)(1-7)) &
0 = (pr+(1-9)(A-m)(a(l-0") =" (1-a))+a((l-@)m+¢(l—-m)+A)
= (r+(1=¢)(-7))(a=0")+a((l-¢)r+¢(1-7)+A) (C49)
= (@a=d")(gr+(1-9)(A-m)+a((l-¢)r+¢(l—7)+A) &
e a(+n)
oer+(1-9)(1-7)
Clearly o* > 0, so the question is whether o* < 1, that is if
brt (=) (1-m>a(l+A)ers tdFNFo-1 (C50)

26 — 1
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Case 4 The solution to the task assignment problem is (o*,~v*) = (1,1) if .w > (1—a)é—al(l-¢)

(1-a)(2¢-1)
Final possibility. (o*,~*) = (1,1), which requires that
d a * 1-a
0 < OISy, e (C51)
Y
S(1,1,7)\ 9C(1,1,7) 0S(1,1,m)
< 1— ) 5m
0= (C(l,lﬂr)> vy T(1-a) dvy

— a(Z)u-or-a-al-gn o)
= A (1= 9)~(1-a) (1~ O)r+6(1 )
(1-0)(1-20)7 < ah(1-0)-(1-a)6 (©5)
C.4.1 Summary

To check consistency of the four cases this is what we got out.

Condition Solution

> a(lgg):?ﬁ—l a(l+A) 0)

(0"7") = ((4¢n+<1—¢><1—w>>’

o< el+d) o1

- (0*,7*) = (1,0)
0> ((1—¢)m+ (1)) (a—¢)+al(l—g)
(I—a)p—aA(1-9)

T - @ ™ a— a
@o-1)(1-a) (077):<17T§+W)
0<((I-=@)m+o(1—7))(a—¢)+aA(l-0¢)
1—a)p—aA(1—¢ A
“ZW (0, 7") = (1,1)

1. If a > ¢. Then

e 0> ((1—¢)r+¢(1—m))(ax—¢)+ aA (1 — ¢) can never hold

e 0<((1=¢)m+¢(1—m))(a—¢)+aA(1— ¢) holds for all # >0

a(1+A) +o—1

d(1+A)+¢—1
2¢—1 > 2

o1

= 1+2£—§1, som > % can never hold for any 7 < 1

2. Tf A > (798 Then 7 > (2800809 always holds

3. If A < 1=2 Then

(1-a)p-ah(1-¢) _ (-a)¢-als2(1-9)

(-a)@o-1) =~  (1-a)@-1D
_e-(-9)
@o-1

18



(I—a)p—alA(1—9)
(1-a)(2¢—-1)

4. Hence, suppose that

som > can never hold for any = € [0, 1]

a(l+A)+o—-1
2 — 1
. (-a)do—ar(1-9)
- (=) (291

would hold simultaneously for some 7 € [0, 1]. For the first equation to be satisfied it must be that

a(l+A)+¢—-1
2 — 1 =

¢—02A
o

and for the second equation to hold it must be that A > 1?Ta which is a contradiction since we

get

¢—a<1—a<A§¢—a'
Q Q «

Hence we can make the following summary:

If a > ¢, then the following parameter ranges are the relevant:

l—a | 1-«o (1-a)¢ (1-a)¢
0<A< %] 58 <A< a0y ai—g = A
mix b if 7 < U-a)d—ah(1-9¢)
mix b . (2¢;;1)(1A*(1“> ) All in high task
All in hlgh if 2 W
If a < ¢, then we have the following
- - (p—a)o (1-a)¢
0<A<== = SA< A afi=g) <A
ATS if 7 < el4M+e-1 1 Apg if 7 < (@-ozall=9) g
} (1ji)_i¢ 1 (¢—0)d _A(l (za)(wil) (1 )<E> /]\(1 ) All in high task
mix g 1f7r>2¢7_1 Mix b 1fW<W<W

D Technology and Incentives to Segregate

The parameter « also matters for the incentives to discriminate. With some stretching, one may
think of an increase in « as “skill-biased technical change”. It then seems natural to ask whether
such technical change will increase or decrease the incentives to discriminate. Potentially, this could
provide a technological explanation for Civil Rights legislation and the abolishment of slavery or

apartheid. The reader should take notice that some aspects of the patterns displayed in this
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Average Wl fare

Goup W
1.75 —— "Slavery" reginme

1.5 — — — "Segregation” reginme
1,250 \ Symretric equilibrium

Figure D1: Welfare of the dominant group under three different regimes as a function of «

example are parameter-specific, even within this very restricted parametric class, so this section is
only meant to be suggestive.

We have let the technology parameter o vary and kept all other parameters as in the example in
Table 1 in the main text. Figure D1 compares the average welfare of the dominant group in three
different regimes. The dotted line correspond to the unique, symmetric equilibrium. The dashed
line refers to the “segregation regime” in which all B workers are forced by law to be employed
in the simple task. Finally, the continuous line in the figure plots the welfare of the dominant
group in a regime where, in addition to being segregated, the B workers’ earnings are expropriated
by the W workers (we label this the “slavery” regime). The “segregation” and “slavery” regimes
correspond to the same labor market outcomes and differ only in the distribution of property rights
over wages.

Changes in « affect the possibility to support segregation in equilibrium in a straightforward
manner. Segregation is harder to sustain in equilibrium when « increases. In the example the
threshold is approximately at o = 0.76, and for lower «a segregation is an equilibrium also without
mandated segregation, whereas the force of law is necessary for higher values of «.

The effects on incentives to segregate are more subtle. When « is small, most workers are

employed in the simple task in either regime. In particular, a fraction of W workers with high
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signals are employed in the simple task in both regimes, implying that aggregate inputs are identical
in all regimes.P! There are therefore no gains from segregation for W workers, whereas slavery is
still advantageous because they expropriate group B.

When « is high, forcing the segregated group into the simple task has negligible effects on output
and productivity for workers in the complex task. Segregation then becomes like a scaled down
version of the symmetric equilibrium, where the labor of the segregated group is almost totally
wasted. The gains for W workers are small, and the losses for society as a whole are large. Since
there is little to steal from B workers, slavery is also unprofitable.

The big gains from segregation occur for intermediate values of «, when segregating group B
into the simple task has significant effects on the productivity of W workers. However, as is evident
from Figure D1, the payoff difference between segregation and the color-blind equilibrium is not
necessarily single-peaked. There are two peaks in the payoff difference in the example, which has
to do qualitative changes in the type of equilibrium as « increases. Some W workers are in the
simple task if « is low. This implies that the wage for W workers with signal 6, decreases as «
increases because of a decline the marginal productivity in the complex task. Eventually, all W
workers are assigned to the complex task, and at this point (which is around « = 0.6) the wage of
the low signal workers start to increase in « (see Figure D2).

Harder to understand is the behavior of the wage for W workers with signal 6. After being
increasing in « for a while, it begins to decrease at o = 0.4. Again, this corresponds with a
qualitative change in the equilibrium. The peak at & = 0.4 in Figure D2 corresponds with a change
from only signal #z workers being assigned to the complex task to a situation where a fraction
of the 01, workers are also assigned to the complex task. At this point the factor ratio starts to
increase at a fast enough rate so that incentives are affected negatively and 7" begins to decrease
in a, up to the point where the economy runs out of W workers to reassign to the complex task
(at a = 0.6, where the high signal wage starts to increase again).

The discussion above suggests that the two local maxima with respect to the payoff differ-

DT abor market outcomes coincide for small values of o because a fraction of W workers with signal 6 are employed
in the simple task. There are therefore no incentives to invest and the equilibrium investment is 7" = G(0) both with
and without segregation. The factor ratio is the same in all regimes, there is no effect on the marginal productivity

in the complex task, and therefore no incentive to segregate.
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Figure D2: Wage under two different regimes as a function of «

ence between the segregation regime and the symmetric equilibrium may be an artefact of the
parametrization. In spite of the many different effects that are active, it is possible that a richer
set of signals would create a more systematic pattern, but this would be computationally more
demanding and we have not tried this yet.

In sum, what seems robust is that incentives to segregate are small for very low and very high
a. In an intermediate range the gains are substantial, but behaves non-systematically both within

and across examples.
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